QUASI-NORM SPACES(")

BY
RICHARD METZLER AND HIDEGORO NAKANO

Introduction. Let S be a linear space. A function g on S is called a quasi-
norm if it satisfies:

(1) 0=5q(x)< +  for all xe S,

@ 90 =0,

(3) |a| < |b| implies that g(ax) < g(bx) for a,b real and x€S,

@) q(x+y)=q(x)+4q(y) for all x and y in S.

A quasi-norm g is proper if lim,,oq(ax) =0 for all xeS. We say that a
quasi-norm ¢, dominates another quasi-norm ¢, (g, >¢,) if, for every ¢ >0
there is a 0 > 0, such that q,(x) < 6 implies g,(x) < ¢. A system I of quasi-norms
is called an ideal if:

(1) I>q,>q, implies I 5¢,,

(2) for any sequence g,€I (n=1,2,---) there is a quasi-norm q eI such that
q >q, for all n=1,2,....

A system B of quasi-norms is a basis for an ideal I if, for each q, eI there is
g,€B <1 such that q, <gq,.

Given any linear space we show that there is a one-to-one correspondence
between topologies on the linear space compatible with the linear operations
and ideals of proper quasi-norms. Thus, study of ideals of proper quasi-norms
will give us knowledge of linear topologies.

Given a set A such that d4A = A4 for [ d| < 1 wesay that A is of finite character c
if bA+ (1 —b)A < cA for all b such that 0 <b < 1. A set B is bounded by a
quasi-norm q (B> q) if lim,,q[sup,.pq(ax)] =0. We show that if a set 4 is
of finite character, then a quasi-norm ¢, can be constructed such that 4 >gq,
and q, < ¢, for any quasi-norm ¢, such that 4 >g, . The quasi-norm constructed
from A also has the following property: there are two numbers ¢, d > 0 such
that q(x) < d implies that g((1/2c)x) < 1q(x). Quasi-norms that have this prop-
erty are said to be of finite character c.

We investigate completeness and quasi-completeness of a linear topological
space in terms of quasi-norms. We also show that a manifold is bounded by
every quasi-norm in an ideal composed of proper quasi-norms if and only if
it is bounded by the corresponding linear topology.

Received by the editors August 1, 1964.
(1) This research was supported by the National Science Foundation.

1




2 RICHARD METZLER AND HIDEGORO NAKANO [May

A system F of quasi-norms is a filter if F34, <, implies F 3q,. Wc con-
sider relations between ideals and filters. Given a subspace R of the linear space S
we define the relative ideal on R of a given ideal on S. Given a directed system
of subspaces and ideals (filters) on these subspaces, we define an inductive limit
ideal (filter) on S. We examine what properties of the individual ideals the in-
ductive limit inherits and look at the relation between inductive limits of filters
and ideals. Next, we show that, on a finite-dimensional space, every ideal com-
posed of proper quasi-norms is contained in an ideal which has a one-element
basis.

In the latter part of the paper, quasi-norms on linear lattices are investigated.
We consider various properties of quasi-norms which connect them with the
lattice structure. A main result shows that a universally continuous linear lattice
is super-universally continuous if there is a quasi-norm g defined on S which has
the following properties:

1) lxl =< lyl implies g(x) < q(y) for all x,ye S (i.e. q is monotone).

(2) order-lim,,,a, =0 implies lim,_ , g(a,) =0.

(3) g(x) =0 implies x =0.

The next object of study is ideals of quasi-norms having special properties.
We prove that the following two properties are equivalent:

(1) I is a proper ideal which has a basis of monotone quasi-norms;

(2) the linear topology corresponding to I has a basis 8 of neighborhoods
of 0 which satisfy |x| =< I yl and ye Ve implies x e V. The final important
result says that if S is a universally continuous space and I is an ideal on S which
has a basis of quasi-norms g such that a,T; ., a implies g(a) = sup; . g(a;) then
{x:|x| £|a|} is complete for all a€S.

1. Quasi-norms. Let S be a linear space. A function q defined on S is called
a quasi-norm if:

(1) 0=24q(x)< + o for all xe S,

2 Ial < lbl implies g(ax) = q(bx),

(3 aGx+y)=4q()+ 490,

4 90 =0.

Note that it is possible for a quasi-norm to assume infinite values. If g(x) < + o
for all x e S we say that ¢ is a finite quasi-norm.

ExampLE 1. Define g* on S by

0 ifx=0,

* =
9*(x) {+oo if x#0.

Then g* is easily seen to be a quasi-norm.
ExampPLE 2. If f is a linear functional on the linear space S then [ f [ defined
by |f](®) =|f(x)| is a finite quasi-norm.
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Several properties of quasi-norms follow easily from the definition. Condition
(2) shows that g(ax) = q(|a|x) for all real a and x€S.
By induction from condition (3) we conclude:

THEOREM 1.1. gq(nx) < ng(x) for all n=1,2,--.

A quasi-norm ¢ is said to be proper if lim,,,q(ax) =0 for all xeS. The
quasi-norm defined in Example 1 is not proper while the one in Example 2 is

proper.
THEOREM 1.2. If q is a proper quasi-norm, then q is finite.

Proof. Since, for arbitrary xe€ S, lim,.oq(ax) =0 there is 6 > 0 such that
g(ax) =1 for lal <. Choose a positive integer n such that 1 <nd. Then

q(x) < g((nd)x) = ng(6x) s n < + oo.

THEOREM 1.3. For any quasi-norm gq, if we set q°(x) = min{q(x),a} for
o> 0, we obtain a finite quasi-norm q°. If ¢ is proper, then q° is also proper.

Proof. Clearly 0 < ¢%(x) <« for all xeS. If |a| =< |b| then
q*(ax)

Q(x+y)

min{g(ax),a} < min{q(bx),a} = g%(bx),

min{g(x + y)a} < min{q(x) + q(»),a}

IIA

min{q(x) + q(»),q(x) + «, q(y) + &, a + a}

min{g(x),«} + min{q(y),a} = ¢°(x) + q°(y),
q*(0) = min{q(0),a} = 0.
If g is proper, then we have:

0 < lim ¢%(ax) £ lim g(ax) =
a=0 a=0
Theorem 1.2 shows that every proper quasi-norm is finite but the converse
is false. If g* is defined as in Example 1, then (¢*)! is a finite quasi-norm which
is not proper.

THEOREM 1.4. For any system q; (A€A) of quasi-norms and for any system
a, (AeA) of positive real numbers the function X, _Aa,q, given‘ by:
(X cA0:9)(X) = SUPfinicenren 21 en@:q:(x) is also a quasi-norm. Furthermore,
if q, is proper for all AeA and X, _pa;q,(x) is finite for all xeS then
Y. cAd:q; is a proper quasi-norm.

Proof. Clearly 0= X, .2a;9,(x) £ + 0. |a| < |b| implies Ele,,alql(ax)
< X, g a:q:(bx) for every finite H<A. Thus
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2 a;qi(ax) £ X a;q,(bx),
A€eA AeA

Zag(x+y) = sup X agx+y)
AeA finitetHcA AeH
< sup { L a,0,(x)+ X a;9,(y) :
finite HSA AeH AeH
= sup X a;q;(x)+ sup X aq:(»)
finite HECA AeH finite HEA A eH

T aq;(x)+ T a;q.().
AeA AeA

Clearly X, .4a;9:(0)=0.
Now suppose that g, is proper for all 1eA and that X, ., a4, is finite. Given
any xe S and any ¢ > 0 there is a finite set H, = A such that

T aq;(x) > X aqu(x) —e.
2 eHo AeA

But if we note that:

2 a;q,(x) = sup X a;q,(x)

AeA finite HoA A eH

sup X a,q,(x)

= finite HSA A eHUHo

T a;q:(x) + T aq(x),

A eHo A eA-Hp

we see X; o, 01da(X) > Xy emo@19:(X) + Xj ea-mo91dx(x) — & and this implies
T eA-Ho3:4:(X) < &. Therefore we have:

lim (E alq,,(ax)) = lim (,1 Y aqax)+ X aqu(ax))

a—=0 \AeA a—0 eHqo A eA—Hg

< lim X a;q,(ax)+e = e.

a=0 A EHo

Since & was arbitrary lim,_ o X, .5 a;9:(ax) = 0.

For two quasi-norms g, and g, we write g, < g, if, for any £ > O thereis § > 0
such that g,(x) <d implies g,(x) <e.

The next three theorems follow easily from this definition.

THEOREM 1.5. If q,, q, and q; are quasi-norms such that q,<gq, and
4, <43, then g, <q;.

THEOREM 1.6. If q, and q, are quasi-norms such that q,<q,, then
aq, < bg, for any a,b>0.

THEOREM 1.7. If g, and q, are quasi-norms such that q,(x) < q,(x) for all
x€S then g, <q,.
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If we denote by O the quasi-norm defined by 0(x) = 0 for all xe S and let g*
be defined as in Example 1 then, for every quasi-norm g, 0(x) £ q(x) £ ¢*(x)
for all xe S. Thus, 0 < g < g* for every quasi-norm q.

THEOREM 1.8. If q, and g, are quasi-norms such that q, <q, and q, is
proper, then q, is also proper.

Proof. Given xeS and &> 0 there is d, >0 such that ¢,(y) <dJ, implies
q,(y) < €. Since q, is proper there is 6, > 0 such that | a| < §, implies g,(ax) < 0, .
Thus |a| < &, implies q,(ax) < ¢. Therefore g, is proper.

THEOREM 1.9. If q, q, and q; are quasi-norms such that q, >q, and
41 >43, then q, >4, + q5.

Proof. For any ¢ > 0 we can find §, and d,, both positive, such that q,(x) < J,
implies q,(x) < ¢/2and q,(x) < J, implies g;(x) < &/2. Then for g,(x) < min{d,,6,)
we have ¢,(x) + q3(x) <e.

By induction we can extend this theorem to any finite sum but a slight modi-
fication is necessary in order to extend the theorem to an infinite sum.

THEOREM 1.10. If g <gq, for all JeA and if X, _A(sup,csq.(x)) < + ©
then q > X; cA4;-

Proof. Given ¢ > 0since X, ., (sup,  sq9(x)) < + oo there is a finite H, c A
such that:

£ (swp ) > T sup g, -of2

AeHo \xeS§

= X sup ¢;(X)1+ X sup q,(x)—¢/2.

2ZeHpxeS AeA—-Hyg xe€S

Therefore, X; ca-n,da(X) < Zj ca-n,5UPx ¢ s9a(X) < /2 for all xeS. Since
H, is finite there is d > 0 such that q(x) <é implies X, .y, q:(x) <¢&/2. Thus,
if g(x) <& we have:

Ta(x)= Zqgx)+ Z qx)<e2+¢?2=c¢.
AeA A€Hp i

eA—Hq

Therefore ¢ > X, A 4:-

2. Bounded manifolds. If A is a manifold of the linear space S and if q is
a quasi-norm on S we define g(4) = sup, . ,q(x). The following relations follow
easily.

(1) g(ad) < q(bA) for |a| <|b],

@ q9(-4) = q(4),

(3) 4q(4+ B) = q(4) + q(B).

A manifold A4 is said to be bounded by a quasi-norm q (written A)>q)if
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lim,,oq(aA) = 0. With this definition we see easily that if 4 >q, then ¢4 >q
for any real a. Also it is clear that A »>q, and q; >q, implies that 4 >q,.

THEOREM 2.1. If A is a manifold of S and q is a quasi-norm, then A >q
implies that UlalélaA >q.

Proof. q(U laj=1@4) S supju <1 9(ad) £ q(A). Therefore, for any real b:
a(v{ U as)) = ao)
laj=1
and the last term goes to zero as b does.

THEOREM 2.2. If A and B are manifolds which are bounded by a quasi-
norm q, then A+ B and AU B are also bounded by ¢.

Proof. lim,.,q(a(4 + B)) £ lim,_, {q(¢A) + q(¢B)} = 0.
lim ¢g(a(4 U B)) = lim g(ad UaB)

a-0 a=0

limmax {q(aA),q(aB)}= max :lim q(ad), lim q(aB)} = 0.
a-0 a—0 a-0

A manifold A is said to be symmetric if A= —A. A manifold 4 is said to
be starif AoaAfor0=a=s1.

It is easily seen that, for any manifold A, the manifold U laj< 104 is the smallest
symmetric star manifold containing A.

A manifold A is said to be a character manifold (or A is said to be of finite
character) if it is symmetric and star and satisfies the following: there is a posi-
tive real number ¢ such that ad + bA ccA for a+b=<1; a,b=0. Such a ¢
is called a character of A and A is said to be of finite character c.

THEOREM 2.3. If A, (AeA) is a system of manifolds such that each one is
of character c, then A, = n“AAA is also of character c.

Proof. Let x, ye A,. Then, for a+ b=<1; a,b =0 we have ax + byecA,
forall A €A whichimplies ax + by ef],L eacd; = cAq. Therefore,aAy+ bAg=cA,.

Since a character manifold is star by definition, we see that 0 < a < b implies
that a4 = bA for any character manifold A. Thus, if ¢ is a character of 4, then
any larger number is also a character of 4.

THEOREM 2.4. A manifold A has a character less than one if and only if A
is a linear manifold.

Proof. If A is a linear manifold ad + bAc A=4Afora, b=0,a+ b= 1.
If A has character ¢ < 1, we first show that, for a >0, ad = A. Let xe A. Then
x =4x + 1x = ¢z, for z, € A. By induction we define a sequence z,€ A(v=1,2,--*)
such that z,=4z,+4z,=cz,,,. Thus x =c"z, (for v=1,2,..:). Choose v,
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such that ¢"a < 1. Then ax = (ac*)z,, e A since A4 is star. Thus a4 = A4 for
a>0.1f a<0, ad=(—a)(—A)=(—a)A=A since A is symmetric. Given
x,yeAwehave x + y=2(3x + $y)e2(cA) =)A= A.

This result shows that the linear space S itself is a character manifold and
that any positive number is a character of S.

Given a manifold 4 and a positive real number ¢, the character ¢ hull of 4
is defined as the intersection of all manifolds of character ¢ containing 4. (This
system is nonempty since S itself is of character ¢.) We denote the character ¢
hull of 4 by A°.

Clearly A°= (Ulalél aA)‘ since a manifold of character c is star and symmetric.
If A4 is of character ¢, then dA is of character ¢ for every real d since, for
a+b=1; a,b=0, a(dA)+ b(dA) =d(aA + bA) = d(cA) = ¢(dA). For any
manifold A consider a4° where a is any real number # 0. B is a manifold of
character ¢ containing 4 if and only if aB is a manifold of character ¢ containing
aA. Therefore (EI)C = naACD of char.c D = naACaB of char.cdB = ad’.

A quasi-norm q is said to be of finite character if there are positive real numbers
a and ¢ such that g(x) < a implies that 1q(x) = q((1/2¢)x). If q satisfies this re-
quirement, we say that g is of character c¢. Clearly if q is of character ¢, then ¢
is of character ¢’ for any ¢’ > c.

THEOREM 2.5. If q, and q, are quasi-norms of finite character, then aq, + bq,
is also of finite character for a, b > 0.

Proof. Let d;,¢; (i=1,2) be such that ¢,(x) < d; implies $q(x) = q«((1/2¢,)x).
(i=1,2). Sectting d,=min{d,,d,} and c¢,=max{c;,c,} we find that
aq(x) + bq,(x) < min{ady, bd,} implies that q,(x) < d, and g,(x) < d,. There-
fore, $aq,(x) 2 aq,((1/2¢,)x) and 3bq,(x) 2 bq2((1/2¢;)x). Hence,

Haq (%) + bq,(x)) Z aq,((1/2¢o)x) + bgz((1/2¢0)x).

THEOREM 2.6. A quasi-norm q is of finite character if and only if q%is
of finite character for all « > 0.

Proof. If g is of finite character, then there are aq , ¢y such that ¢(x) < ay implies
1q(x) = q((1/2¢)x). Putting a, = min{a,,a/2} and ¢, = ¢, we have that g(x) < a,
implies q(x) = q"(x)<a, Sa,. Therefore, 1¢°(x)=14(x) 2 4((1/2¢,)x)=q"((1/2¢,)x)
since q((1/2¢,)x) < 34(x) = 14%(x) < o.

If g% is of finite character for some o > 0, then there are positive real numbers
a and ¢ such that ¢°(x) < aimplies $¢°(x) = ¢°((1/2¢)x). If we let ap=min{a,x/2},
we have that q(x) < a, implies g(x) =g (x) £a which gives 3g(x) = 1¢*(x)
2 q%((1/2c)x) = q((1/2¢)x).

THEOREM 2.7. If A >q and q is a quasi-norm of finite character c then A*°>q.

Proof. Since q is of character ¢, we can find a, > 0 such that g(x) < a, implies
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14q(x) 24q((1/2c)x). Hence, if g(x)<a, and q(y) < ao, then for a+ b= |
a,b =0 we have:

q((1/2c)(ax + by)) = q((a/2¢)x) + q((b/2c)y)
= q((1/20)x) + q((1/20)y) = 3q(x) + 39(y) < ao.

Therefore, if we let V, = {x:q(x) < ao}, we have: aV,, + bV, < (2c)V,, for
a+b=1;a,bz0. Thus, 2c is a character of V,,. Now since 4 >gq, there is
d >0 such that g(dA) < a, or, equivalently dA < V,,. The fact that V,  is of
character 2¢ shows us that d42°= dA2c c V,. Thus, we need only show that
V,, is bounded by g in order to have d4 *°(and therefore 42°=((1/d)dA*°) also
bounded by q.

Given &> 0 choose v, such that a,/2™ <¢ and let xe V,,. Then

a((1/2)")x) < 3q((1/2)° ™) < -+ S (1/2)q(x) < &.

Hence q((1/(2¢c)*9)V,,) <e and V, >q.

A manifold V of the linear space S is called a vicinity if, for x € S we can find
b > 0 such that axeVfor 0<a<b.

The following theorem is proved in [3].

THEOREM 2.8 ([3], p. 129). If a symmetric star vicinity V is of finite charac-
ter ¢ (i.e. aV+bV<cVfor a+b=<1; a,b=0) then there is a proper quasi-
norm q on S such that

{x:q(x) <12} = (1)2¢)'V < {x:4(x) £ 1/2"}

(q(1/2c)x)= 1q(x) for q(x) = %.

(Note that the definition of quasi-norm in [3] corresponds to a proper quasi-
norm in our terminology.)

In the proof of the preceding theorem the fact that the set Vis a vicinity is used
only to establish that the quasi-norm is proper. Since every character manifold
is star and symmetric, the rest of the proof gives the following result:

and

THEOREM 2.9. Let A be a manifold of finite character c. Then there exists
a not necessarily proper quasi-norm q of finite character ¢ such that:

{x:q(x) < %} c (21—C)VA < {x:q(x) < 2L}
a((1/20)x) = 3q(x) for q(x) = %.

This quasi-norm is called the quasi-norm associated with A and denoted by q,.

and

TueoreM 2.10. If A is a manifold of finite character, then A >q,. Further-
more, if q is any quasi-norm such that A >q then we have q <q,.
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Proof. If A is of character c, then (1/2¢)'4 < {x:q4(x) < 1/2"} which shows
that 4 >q, .

If g is a quasi-norm such that A ¢ then, for any & > 0 there is a 6 > 0 such
that g(64) < ¢. Choose v, such that (1/2¢)™ < §. Then g,(x) < 1/2" implies that
x€(1/2¢)'*A < 64 which implies g(x) < &. Therefore g <q,.

3. Ideals. A system I of quasi-norms is called an ideal if:

(1) I>q,>q, implies I a¢,.

(2) for any sequence g,el (v=1,2,---) there is g€l such that ¢, <q for
all v=1,2,---,

Since 0 < g for all quasi-norms g we see that every ideal I 0.

TreoreM 3.1. g, €l for all v=1,2,-- implies that T*. ¢, €el.

Proof. By property (2) there is g €I such that g, <gq for all v=1,2,---. But
since X sup, 597’ () £ T2, (3) < + o, Theorem 1.10 shows that
T® ,q!/*" <q. Hence T_,q'/* eI by (1) above.

A subsystem B <1 is called a basis if, for any g, €I there is ¢, € B such that
q; >q,. Clearly every basis satisfies the basis condition: for any sequence
q,€B (v=1,2,--) there is g € B such that g, < g for all v=1,2,..-. Conversely
we have:

THEOREM 3.2. If a system B of quasi-norms satisfies the basis condition,
then there exists uniquely an ideal I such that B is a basis of I .

Proof. Let I ={q:q <q, for some q,e€B}. Then if I5q,>q, it is clear
that I sq,. If I 3q, (v=1,2,---) then ¢,<¢,eB (v=1,2,---). But then there
is g€ B such that g, <q (v=1,2,--). ge B implies g€l and q>q,>¢q, shows
that ¢ >q, (v=1,2,---). Thus, I is an ideal. If any other ideal I, contains B it
must contain I. But if B is a basis for I,, then g, €I, implies g, < g, for some
q, € B and hence g, €I. Therefore, I, =I and I is unique.

THEOREM 3.3. If B is a basis for an ideal I, then, for any « >0, {q*: qe B}
is also a basis for I.

Proof. ¢ = ¢” implies ¢ >-¢* and this shows that ¢q®*el for all e B. We
need only show that g <g” to conclude {q*:qeB} is a basis. For any ¢>0
if we choose & = min{e,a/2} we have ¢*(x) < J implies g(x) = q*(x) <d <.

We say that an ideal I, is stronger than another ideal I, or I, is weaker than
1, ifI, oI,.

THEOREM 3.4 If I, (A€ A) is a system of ideals, then I,= nam]z is an
ideal which is the strongest ideal among all those weaker than all I, (A€ A).

Proof. We need only show I, is an ideal and the rest is clear. If I, 3¢, ¢,
then we see that I;54q, > g, for all Ae A which means that g, €I, for all Ae A,
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Therefore q,el,. If g, €I, (v=1,2,---), then g,€l, for all Ae A, v=1,2,---.
Hence, X lqilz el, for all 1e A which implies X.° lqvl/z €l, and clearly

T2, qF e g g, (v=1,2,).

THEOREM 3.5. IfI, (A€ A) is a system of ideals, then there is a weakest ideal
among all those stronger than all I, (A€ A). We denote this ideal by \/ ; x1;.
It has a basis given by

={E q: ESUp(]V(X)<+CD (]‘,GUI;, v—12 }
v=1

v=1xeS§

Another basis is given by
L= {2 a,*": q,e |J L for v= 1,2,...}.
v=1 AeA

Proof. If I is an ideal containing Ui.eAIl and if X7.,q,€B, then there
is gel such that g-g, (v=1,2,-.-). But then we have, by Theorem 1.10,
q > X2, q, which implies X°.,q,el. Thus, I o B. If we can show that B
satisfies the basis condition, it will be clear that the ideal generated by B is the
weakest stronger ideal. Suppose p,eB (v=1,2,---). Then p,= X7.,q,,
where X7 sup, . sq,,(x) £ a, < + © for v=1,2,---. Now consider

2, .., 2")qw Then

JJ D

5 T osup g0 £ L.

v=l avz p=1xeS§

X sup IZV gy (%) =
v,u xed
Therefore X, ,(1/2,2")q,,€B and clearly X, (1/¢,2")q,,>p, (v=1,2,--)
since
S o (= 125 (= 12,4,
v.u
Now, as for B, if we can show that for any g € B there is ¢, € B, such that
q <q., we will have shown that B, is also a basis since it is clear that B; < B.
Suppose ¢ = X, q,eB. Let ¢, = £7_,q,/*'eB,.Since £,2,4,/*-q,/*"q,
for all v=1,2,--- we have that q, = X2 lqv”z > X2 ,q,=q by Theorem
1.10.
An ideal I is said to be proper if every gqel is proper. Since ¢ <gq, proper
implies g is proper, we need only know that a basis of I consists entirely of proper
quasi-norms to conclude I is proper.

4. Induced linear topologies. Linear topologies were defined first by Kol-
mogoroff [2]. After that, von Neumann gave another definition in [7]. In [3]
it is proved that these two definitions are equivalent. We will use the definition
of von Neumann,
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A system B of vicinities in the linear space S is called a linear topology on S if:

(1) VeB, Vc U implies Ue DB,

(2) U, VeB implies U NVe DB,

(3) Ve implies aVe DY for all a #0,

(4) for any Ve®B we can find Ue DB such that aUc Vfor0=a =1,

(5) for any Ve B we can find Ue B such that U+ U < V.

Asonp. 139 of [3] we can consider, for every vicinity V on S, the corresponding
connector (connector is defined on p. 62 of [3]) V, defined by ¥ (x) = V+ x. Then, if 8B
is a linear topology, it follows easily that {V,: Ve B} is a basis for a uniformity
on S which is called the induced uniformity by B and denoted by U®. U, in
turn, induces a topology on S which is called the induced topology by B and
denoted T®. If T is a topology on S induced by a linear topology B we refer
to S with the topology T as the linear topological space (S,T).

THEOREM 4.1. A quasi-norm q on S is uniformly continuous by the induced
uniformity W% if and only if, for any € > 0 there is Ve B such that q(V) <e.
If q is uniformly continuous it is proper.

Proof. We first prove the ‘‘if”’ part. Given ¢ > 0 by hypothesis we can choose
Ve DB such that q(V) <e. Then if xeV(y)=V+ y, we have x — ye V. Then
|a(x) — q(y)| £ a(x — y) <& and we see that g is uniformly continuous. The
fact that ]q(x) - q(y)| < q(x — y) shows that a quasi-norm is uniformly con-
tinuous by U? if it is just continuous at zero by I®.

If ¢ is uniformly continuous then, for any &> 0, there is Ve such that
xe V(0) =0+ V implies |q(x) - q(O)I =q(x)<s.

To show that a uniformly continuous quasi-norm is proper, suppose we are
given ¢ > 0. Then there is Ve B such that q(V) <e. Since V is a vicinity, given
any xe S there is b >0 such that axeV for 0 < a < b. Therefore g(ax) <e
for 0<a <b and hence lim,,oq(ax)=0. Since x was arbitrary g is proper.

THEOREM 4.2. If (S,T) is a linear topological space, the system of all quasi-
norms on S which are continuous by T is a proper ideal which we denote I(S,T).
Furthermore, if I(S,T,) =I(S,,) then T, =T,.

Proof. By Theorem 4.1 the system is composed of proper quasi-norms, and
we must show that it is an ideal. If ¢, is continuous and g, <gq, then, for any
¢ > 0 there is 0 > 0 such that ¢g,(x) < é implies g,(x) < . But for such a 6 we can
find Ve B such that q,(V) <d. Then, q,(V) <e and hence g, is continuous
by Theorem 4.1. If ¢q,,q,,--+ is a sequence of continuous quasi-norms, let

p= X ,q* . Then p>q/*>-q for all v=1,2,--- and we need only show

that p is continuous. Given ¢>0 choose v, so that £3_, ,,1/2" < ¢/2. For each
4,, v=1,2,--,v, we can find V,e®B such that gq,V,) <(g/2vo). Let
Vo= n:g—'l V,€B. Then p(Vy) = sup, ey,p(x) = T3 14,(Vo) +¢/2 < X.2,(¢/2vo)
+¢/2 =¢. Thus p is continuous.
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Now suppose I(S,T,) =I(S,T,) and let T; be induced by B, (i = 1,2). Given
Ve B, we can choose a sequence V,e B, (v=1,2,-:) of star symmetric neigh-
borhoods of zero such that V<V and V,,; + V., <V, (v=1,2,---). Then
using the construction given in Theorem 3 on p. 129 of [3], we can construct
a quasi-norm g such that

{x:q(x) < 217} <V, c {x:q(x) < 51;} .

Since each V,eB,; we see that g eI(S,T,). By assumption then, q €I(S,T,)
which implies that {x:g(x) <%} € B,. Since this set is contained in V we see
that Ve B,. Therefore T, =T, and symmetry shows that T, =F,.

THeOREM 4.3. If I is any proper ideal on S, then I =I(S,3) for some to-
pology T .

Proof. ForanygelletV,= {x:q(x) < a}fora>0.In §63 of [3] it is shown
that B, = {V:V > V, for some a > 0} is a linear topology. Let B be the topology
induced by B, and consider T, = \/, ;T It is not difficult to show that (S,T,)
is a linear topological space.

If gl then, by the definition of T, g is continuous by T Since T? = I,
we see that g is continuous by T,. Therefore, I < I(S,T,).

Now let peI(S,T,). Since p is continuous, for each v=1,2,.-- we can find
V, €%, such that p(V,) < 1/v. By the construction of T, = \/, . ,T? we see that
for each V, there is a set q,,€l (u=12,--,m,) and J,>0 such that
V, > {x:1q,,(x) <é; p=12,-,m} (v=1,2,--). Since I is an ideal

= q,,=p,el and clearly ¥, > {x:p,(x) < 8,}. Now let g = T2, pl/*" e I.
Given & > 0 there is v, such that 1/v, < ¢. Let 6 =min {1/2"°,6,,} . Then g(x) <
implies p,(x) < d,, and thus, p(x) < 1/v, <e. Hence, p < q which implies pel.
Therefore I(S,T,) < 1.

Theorems 4.2 and 4.3 together show that there is a one-to-one correspondence
between linear topologies and proper ideals. The next theorem shows that this
correspondence is order-preserving.

THEOREM 4.4. If T, and I, are topologies on S such that (S,T,) and (S,T;)
are linear topological spaces, then T, =T, if and only if I(S,T,) < I(S,T,).

Proof. If ¥, =T,, then we see that g continuous by I; implies ¢ continuous
by ¥, and therefore I(S,T,) < I(S,T,).

Conversely, if I(S,T,) < I(S,X,), then qel(S,T,) <I(S,T,) implies that
< V,erns,z,) ' which means that

-V =%, cq,= Vo .

q € I(5,%1) q €I(5,%2)
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Given a proper ideal I we denote the topology associated with I by I'.
This topology is induced by a linear topology which we denote by 3B,.

5. Completeness. Let B be a linear topology. A manifold 4 of S is said to
be bounded by D if, for any Ve B there is a > 0 such that ad < V.

THEOREM 5.1. If By is the linear topology associated with a proper ideal 1
and A is a manifold of S then A is bounded by B, if and only if A >q for allqel.

Proof. If A is bounded by B, then for any gel and ¢ > 0 there is Ve DB,
such that g(V) < ¢. Then there is a > 0 such that a4 = V and hence g(ad) <e.

If A >qforallgel,let Ve B,. Then there is g I such that {x:q(x) <1} = V.
But then there is é > 0 such that q(64) < 1. Therefore A < V.

THEOREM 5.2. If A is bounded by B, then the closure of A in the topology
X% is also bounded by B.

Proof. For any qeI(S,3®) and any ¢ > 0 there is a > 0 such that gq(ad) <e.
Since g is continuous g(a4~) = q((ad)~) <e. Thus A~ >q for all geI(S,IP)
and consequently A- is bounded by B by Theorem 5.1.

THEOREM 5.3. S 3Xx;—;.aX by B, (that is, for any Ve B, there is 6, belong-
ing to the directed system A such that 6 < &, implies x;€ x + V) if and only if
q(xs — x) =5 <20 for all qe B where B is a basis of I.

Proof. If x;—;.,x by B,, then given any ge B and any &> 0 there is
Ve B, such that g(V) < ¢. But x; — ; ., X means there is d, € A such that x; — x €4
for all 6 < J,. Hence, g(x; — x) < ¢ for all 6 < J,.

As for the converse, if we are given any Ve %B,, there is a quasi-norm g, €l
such that {x:qy(x) <1} < V. Since B is a basis of I, there is g€ B such that
gy <q. Hence, there is a >0 such that g(x) <a implies gqy(x) <1. Since
q(x; — x) 2540, there is doe A such that g(x; —x) <a for 6 <d,. Hence,
d < J, implies g(x; — x) < a which means gy(x; — x) <1 and hence x; —xe V.
Therefore x;— ; .ox by B;.

A system S 3x;(0€A)is aCauchy system by B if, for any Ve DB there is 5o A
such that x; — x;, €V for 6,,9, < d,.

THEOREM 5.4. A directed system S3x; (6€A) is a Cauchy system by B,
if and only if q(x5, — X3,) = 5, 5, a0 for all g€ B where B is a basis of I.

Proof. Follows the same pattern as the proof of Theorem 5.3.
We say that a linear space S with linear topology B is complete if, for every
Cauchy system x; (6 € A) there is x €S such that x;—» ;5 x.

THEOREM 5.5. S is complete by B, if and only if q(x;s, — x5,) =35,.5, a0 for
all q € B (a basis of I)implies that q(xs — x) =5 .20 for somexeSandallgeB.
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Proof. This is an immediate consequence of the two preceding theorems,

On p. 155 of [3] it is shown that, with every linear space S with linear topology
B, we can associate another linear space $ with linear topology 8 having the
following properties:

(1) S is complete by B,

(2) S is a linear manifold of §,

(3) B is the relative linear topology of B,

(4) S is dense in S by I3,

(5) {0}* " cs.

S is called the completion of S and is unique up to isomorphism. Using Theorem
6 on p. 90 of [3], we see that every continuous quasi-norm g on S can be extended
to a function § on S which is continuous by B. Since the real numbers form
a Hausdorff space ¢ is uniquely determined. It can be easily shown that 4 is ac-
tually a quasi-norm on S. Thus, if I is an ideal of quasi-norms on S, we can
correspond the ideal T = {g:qel} on S. (I can easily be shown to be an ideal
if we note that g, <gq, implies §, < ¢,. This follows from the relation:

{xeS:¢,(x) <0} = {xeS:q,(x) <0}~ = {xeS:q,(x) <&}~ ={xe§:4,(x)<¢e}.)

If ¢ is a quasi-norm on S, we can consider the quasi-norm ¢° on S defined
by ¢%(x) = q(x) for x€S. Then, if I’ is an ideal on S, we correspond the ideal
I1=1{q%:qel'}. Then we see that I =1I' and we have a one-to-one correspondence
between ideals on S and ideals on S.

A linear space S with linear topology B is said to be conditionally complete
if the closure of every set which is bounded by B is complete by U®.

THEOREM 5.6. A linear space S with linear topology B, is conditionally
complete if and only if q(x5, — X5,) = 5,.5, a0 and {x;:0€ A} > q for all g B,
a basis of I implies there is x € S such that q(xs — x) > 5 . A0 for all e B.

Proof. If S is conditionally complete the result is clear. Conversely, if A4 is
bounded by B, and A 3x; (€ A) then {x;:6€A} = A implies {x;:6€A}>q
for all ge B. Theorems 5.3 and 5.4 then show that there is xe A~ such that

X5 5eaX-

6. Filters. A system F of quasi-norms is called a filter if F>q<gq, implics
Faq,.

Given any system B of quasi-norms if we set F = {q:q>gq, for all g, € B}
then F is a filter. We denote this filter by B¥ and call it the associated filter of B.
If we set I ={q:q <gq, for all g, € B} then we obtain an ideal I. We denote
this ideal B> and call it the associated ideal of B. (The fact that B® is an ideal
is a consequence of the fact that q, < g for all v=1,2,..- implies that

)il Q:/2v< q.)
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A filter F (ideal I) is called reflexive if F38=F (I%3=1))
THEOREM 6.1. For any system B, B® and B® are reflexive.

Proof. Note first that, for any system C, C = C3¥ and C = C%3. Thus,
B® = (B®)%3. But on the other hand, B = B3% implies that B® 5 B33, Thus
BS = B33 and a similar argument shows that B3 = B¥3%,

A manifold A is said to be bounded by an ideal I (we write A>1I)if A>gq
for all gel.

THEOREM 6.2. If A is a character manifold and A >1I then there is q, €I®
such that A> q,.

Proof. If we let g, =g, the quasi-norm defined in Theorem 2.9, then Theorem
2.10 shows that q, €I® and 4>gq,.

Note that the converse holds even when A4 is not a character manifold. In
fact, since A > q, > q, implies A >q, we have A>qel%implies 4>1.

An ideal I is said to be of finite character if A > I implics there exists a character
manifold B such that Ac B>1.

An ideal I is said to be of bounded character if there is a basis B of I and ¢ > 0
such that every g € B is of character c.

THEOREM 6.3. If I is of bounded character, then 1 is of finite character.

Proof. If A>1 and I is of bounded character, then there is a basis B of I
and ¢ >0 such that every g e B is of character ¢. Consider the character (2¢)
hull of A, A*. Then, by Theorem 2.7, A>>q and q of character ¢ implies that
A% > q. But for any q, €I there is g, € B such that g, < q,. Then 4*° > g, > q,
implies A%¢ > q,. Therefore, since g, was arbitrary 4%¢ >1.

If I, and I, are ideals, we say that I, is equivalent to I, and write I, ~ I, if,
for every character manifold A, A >I, if and only if 4 >1I,.

THEOREM 6.4. If I, and I, are ideals, then I, ~ I, if and only if; for every
finite character quasi-norm q, q€l, if and only if qel, .

Proof. If I, ~I, and q is of finite character and such that qelI¥ then
there is a > 0 such that 4 = {x:q(x) < a} is of finite character and furthermore
A>q. Now since qelI¥ we see that 41, and since I, ~I, we have 4>1,"
Given any g, €I, and ¢ > 0 there is a positive integer n such that g, (1/n)4) <e¢.
Let d=a/n. Then g(x) <é implies g(nx) < nqg(x)<nd=a. Thus, g(x) <J
implies nxe A which means xe(1/n)4 and therefore q,(x) <e. Thus, g, <q
and since q, was arbitrary gel§.

For the converse, let A be of finite character and let g, be the quasi-norm as-
sociated with 4. We see that q,eI¥and g, is of finite character. Therefore, by
assumption q,eI¥. But then 4 >g, gives 4>1,.
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Given any ideal I, consider I, = \/ 1~1,1- io is called the equivalent hull of I.
THEOREM 6.5. If M = {q:q is of finite character and qel%} then io= M3,

Proof. Clearly M is never empty since g* defined in Example 1.1 is of finite
character. Theorem 6.4 shows that if I~I, then M cI®. Therefore,
M3 5133 S1. Hence, I ~1I, implies I <« M3.

Now suppose I, is such that I ~I, implies that I cI,. For any qeM>
consider ({g} UI,)®3. Then, if g, is of finite character and g, €I§ we see that
q; >q since ge M>. Therefore, q,e({q}Uly)¥=({gq} UI,)¥3% Conversely, if
q, is of finite character and g, e ({g} UI,)¥3%, then ({q} Ul,)¥3¥ = ({q} UI,) ¥ I ®
and we have g, €I®. Thus, we see that ({q} UI )33 ~I,,. Therefore,I, ({g} UI,)3%2q.
Hence, g € M® implies geI, and we have M3cI,. Therefore M® = \/, ., I.

COROLLARY. I, is reflexive.

Proof. I =M33=M3=1],.
An ideal I is simple if Iaqy > q for all gel.

THEOREM 6.6. An ideal I is simple if and only if INI% #.

Proof. If I is simple I 3g, >q for all g eI implies that goeI NIF,
If goeI NI® then I 5g, >q for all gel and I is simple.

7. Relative ideals. Let R be a linear manifold contained in S. Given a quasi-
norm q on S we define a function g® on R by setting ¢®(x) = q(x) for xe R. It
can easily be shown that ¢® is a quasi-norm on the linear space R. It is called
the relative quasi-norm of q on R. For any system B of quasi-norms on S, we let
B®={q®:qeB}. The following properties are immediate consequences of the
definition.

(1) If g is proper, then g® is proper.

(2) If g is of finite character y then q® is of character .

(3) q.<4q, implies gf <45 .

Let p be a quasi-norm on the linear space R. If we set

Y p(x) for xeR,
P (x) = { _
+ o for xeR,
we obtain a quasi-norm p® on S which will be called the maximum extension
of p over S. For any system B of quasi-norms on R we let B® = {p*:pe B}.

THEOREM 7.1. Let q be a quasi-norm on S and let p be a quasi-norm on R.
Then q® < p implies ¢ <p™.

Proof. For any &> 0 there is 6 >0 such that p(x) <& implies g®(x) <e
for xe R. But p®(x) <J implies xe R and hence p(x) = p®(x) < gives us

a(x) = ¢"(x) <e.
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THEOREM 7.2. If I is an ideal on S, then I® = {q®:q eI} is the basis of an
ideal I'™ on R. This ideal is called the relative ideal of I on R. If F is a filter
on S, then F®is a filter on R called the relative filter of F on R.

Proof. For a sequence gXeI® (v=1,2,--) we see that Iaq, (v=1,2,--)
and therefore there is goel such that go>g¢q, (v=1,2,--). Thus,
I®5q8> q® (v=1,2,---). This shows that I® is a basis for an ideal on R.

If F is a filter on S and p is a quasi-norm on R such that p >¢® for some
gqeF, then p® >q which implies p©e F. But then p=(p°)®eF~.

Given a system B of quasi-norms remember that B¥(B9) is the ideal (filter)
associated with this system.

THEOREM 7.3. For a system B of quasi-norms on S we have (B®)% = (B¥)R
and (B3® < (B®)3.

Proof. 1f pe(B%)®, then there is g € BY such that p = . But g € B¥ implies
that g > g, for all ¢, € B and hence p = g *>> g% for all g, € B which is the same
as saying pe(B®)¥.

Conversely, if pe(B®)® then p>g® for all ge B and consequently p® > g
for all geB. Thus, p® e B¥ implies p = (p®)* e (B¥)R.

If pe (B®)™®, then there is q € B® such that p <g~®. Since g <q, for all g, € B
we have p<q®<qf for all g, e B which implies pe (B®)3.

THEOREM 7.4. If a filter F is reflexive, then the relative filter F® is also
reflexive.

Proof. If F=F3% then we have F®=(F3)® = [(F3)®]3. Since [(F?)*]% is
reflexive by Theorem 6.1, we see that F® is reflexive.

We now consider a generalization of the inductive limit defined in [1].

If R;(AeA) is a system of linear manifolds contained in S such that
S= U“AR,1 and such that, for any A;,A,€A there is A;€A such that
R;, UR;,cR;,, then we write R;T,.4S and say that the system R,(ieA)
increases to S.

THEOREM 7.5. If R; T, .aS and I, is a reflexive ideal on R, for all A€ A then
{a:q%el, for all Ae A} = (|, AUDH7).

Proof. Let I, = {q:q"*€el, for all AeA}. Then, qel, implies q** eI for all
AeA. Hence ¢** < p for all peI¥ and therefore q < p* for all peI¥. Since this is
true for all AeA we have ge(|J; A(IH™)3. Conversely, if ge (|, AUH),
then ¢"* <p®*for all pe(I¥)”and all AeA. But pelfif and only if p = (p*)**
where p® e (I¥)™. Therefore I = (I)”)**for all ieA and hence q**eIP3=1,.
Thus, gel, and we have I, = (|, .. I®*)3.
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Now suppose R; T, .4 S and I, is an ideal on R; for all A€A. The upper limit
of I, (2 eA) (written limsup, ,I;) is defined by: limsup, (oI, = \/{I:V;, .o 34€A
such that R; < R; and ) I,}. The lower limit of I, (AeA) is defined by
liminf, (oI, = \/ {I: there is A, €A such that R, o R,  implies IR‘c:I,l}. Since
R;(A€eA) is an increasing system it is clear that liminf, (oI, < limsup, . zI;. If
liminf, _,I, = limsup, ., I, then we say that the system I, (A €A) is convergent to
lim; (A1, = limsup, (oI, = liminf, ., I;.

THEOREM 7.6. If R; > R, implies that I5» = I, (which implies I®” < 1,) then
I,(A€A) is convergent and lim, I, = {q:q"*€l, for all 2eA}. Furthermore,
if for any Ag€A there is AeA such that R;, c R; and I, is reflexive, then
lim, (A, is also reflexive.

Proof. LetI be anideal such that for any 1, €A thereis A €A such that R;, =R,
and I®cI,. Then, if gel for any A,€A there is A€A such that g®**el, and
R; > R;,. By hypothesis g"* = (¢**)** eI*oc I, . Therefore, g€ {g:g™* €I, for
all e A}. (Call this last set I,.) Then I < I, and this shows that limsup; (A1, = I,.

Now suppose q €I,. Then, for any A, €A we have If* < I, for R, o R;,. There-
fore I, < liminf, . ,I,. Thus, we see that I, (A €A) is convergent and lim, A I, =1,,.

The second part of the theorem corresponds to the assumption that there is
a system 4, (p €P) such that, for any 1€A, there is p P such that R; = R, and
I, is reflexive. Since R; = R, implies g~ =(g®*)** and since I §j < I, we see that
limy AL, = {q:q" €I, for all AeA}= {q:qx”"el,lp for all peP}. Then, by
Theorem 7.5 we have that lim, (I, = (U,, <p(I)™)® which is reflexive.

Now suppose R; T; .S and F, is a filter on R, for all AeA. The upper limit
of F;(AeA) is limsup, ., F; = {p: for all 1, €A there is A€A such that R; < R;
and p®*eF,}. The lower limit is defined to be: liminf, ., F; = {p: there is
Ao €A such that p®*e F, for all AeA such that R; > R, }. It is clear that both
the upper limit and lower limit are filters such that liminf, ., F, c limsup; ., F;.
If limsup; . F; =liminf, ., F;, then F,(1eA) is said to be convergent to
lim,, F,.

THEOREM 7.7. If R, o> R, implies F{*<= A, then F; (A€ A) is convergent and
lim, L F,={p:p"eF, for all LeA}.

Proof. In any case it is clear that
{p:p™eF, for all Ae A} < liminf, ., F, climsup, ., F;.

Suppose p elimsup; .5 F;. Then, for any A, € A there is 1€ A such that R, <R,
and p**e F;. By assumption Fi*oc F, . Therefore p™o= (p**)*oe FjtoeF, .
This gives us limsup, ., F; = {p:p**€ F; for all 1e A}.

THEOREM 7.8. If Ffr= F, for R, = R,, then, setting lim, ., F;, = F,, we have
F{*=F, for AeA.
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Proof. From the preceding theorem we know that lim, ., F; = {p: p**e F, for
all AeA}. From this it is clear that F§*c F, for all AeA. If peF;, then
p = (p°)** and we need only show that p®e F,. For any 4, € A there is A,€A
such that R; U R;,  R;,. Then by assumption, there is g € F;, such that q® =p.
Then (p)**2 >q implies that (p®)**2€ F,,. But then we see that

(™) = (™)) e Fiji = Fy,.

Thus, p® e F, and we have F&*=F,.

An ideal I on S is said to be compatible to R,1; A S if limy AI®P=1.
Note that the required limit always exists by Theorem 7.6 since (I**)*» = I®*for
R, = R; (which gives (I®?)®? = J®?) Alsowe havelim, ., I®* ={q:q Xel™} oI
in any case. '

THEOREM 7.9. If If"CIp for R,c R;, then lim; AI, is an ideal which is
compatible to R;T,AS.

Proof. Let I, =1lim, oI, = {q:q" eI, for all Ae A}. Then clearly I§*<1I,
for all Ae A. Then lim, (\I§? = {q:¢"* e I{for all e A} = {q:q"*e, for all
Ae A} =1I,. Therefore lim; (,I$*” =1, and the reverse inclusion is always true.

Given an ideal I on S and a system R; T, .o S suppose there is an ideal Tons
such that: (1) I o 1; (2) I is compatible to R, T, .o S; and (3) I, > I and I, com-
patible to R; ;.4 S implies I<1,. Such an ideal is called the compatible hull
of I.

THEOREM 7.10. For any ideal I the compatible hull T exists and is given
by I = lim;. EAI(R)').

Proof. The remark before Theorem 7.9 shows that I clim,  ,I®* and
Theorem 7.9 shows that lim, .,I®* is compatible. If I = I, is compatible, then
we have I®* < I?* and therefore:

lim I'* = {q:q™eI®*Vie A} c {q:q"*eI{* for all Ae A}
AeA

= lim I{®) =1,.
AeA
A filter F is said to be compatible to R, T; A S if lim, A F® =F. As in the
case of ideals, this limit always exists and we have lim, ., F® = {p:p®*e F¥
for all AeA} o F.

TueoreM 7.11. If F{r < F, for R,c R, then lim, o F, is compatible to
R;i%TieaS. "
Proof. Let Fo=Ilim, ,F,={p:p"*eF,forall Le A}. Then F§* < F,for all

A€ A and we have: lim, ., F§*= {p: p®*e F&* for all e A} < {p:p™*eF, for all
AeA) = F,. Therefore lim, ., Fg = F,.
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leen a filter F on S and a system R; T; .5 S suppose there is a filter F such that
(1) FoF; 2 Fis compatxble to R;T..aS; and (3) F = F, compatible implies
Fc F,. Such a filter F is called the compatible hull of F.

THEOREM 7.12. For any filter F the compatible hull F exists and is given
by F =lim, ., F**.

Proof. Previous results show that (1) and (2) are satisfied and we need only
prove (3). If F c F, compatible, then we have F*c F}* for all deA.

lim F*={q:q"eF® for all Ae A} >{q:q"*eF [ for all 1eA}

iAeA
= lim FP*=F,.
AeA
THEOREM 7.13. If R, < R, implies Ff"=F,,, then

(U F:")“ = {p:p™eF, for all AeA} = lim F,.

AeA AeA

Proof. We first show that (UAGAFE")R’- =F, for all AeA. If pe Uz aF7,
then there is 1g € A such that p = ¢ for some ¢ eF‘o For any other A, € A there
is A, € A such that Rzo UR;, = R,,. Then, since Flro = F,,,p Ry € F,, and therefore

p* = () e F4=F, . Thus, we see that (Uz eaF°)* < F,. The opposite
inclusion follows from the fact that F, = (F{°)®*. By the previous theorem we have
Ui caF2)" =1im, AU cAFD)® =1lim, (A F, = {p: p®*e F, for all Le A}.

THEOREM 7.14. For any ideal I on S and any system R;T; .S we have
13 (19"

Proof. qel% implies qI® since I > I. Consequently q®*e I8%*for all 1€ A.
Then ge{p:p**eI¥ for all Ae A} =(I%)" . Thus 1% = (I%)".

THEOREM 7.15. For any system R; T, oS we have f':‘CIim,, FR3

Proof. qeF3 implies ¢®*e F3% c F Ri3 = FR3 for all Ae A. (The last re-
lation follows from the fact that: F®* < F®*= {p: p®*e F**for all Le A}** c F*).
F®3 ().e A) is a convergent system of ideals since R, = R, implies

(FR3)R: < (FRORB= FR3 for all AeA.

q**e F®3 for all 1eA gives qe{p:p"* e F*3 for all Ae A} =lim, ., F**3.
Therefore F3 < lim, ., F®3.

8. Finite-dimensional spaces.

THeOREM 8.1. If S is a finite -dimensional space and q and p are quasi-norms
such that q is pure and proper and p is proper, then q >p.

Proof. Choose a basisa,,a,, -+, a,for Sandlet m( X~ a,a,)=max,-, ;. .|o/|-
If we can show that g proper implies m >q and that g proper and pure implies
q >m, we will have proved the desired result.
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Let ¢ be proper. Then, given ¢ > 0, for each a, (v=1,2,---,n) there is §, > 0
such that ¢(¢a,) <ée/n for lél <9,. Let d=min,-, ,  ,0,. Then, when
m( X% a,a,) <3, we have g( X)_,2,a,) < X0_,q(e,a,) S X, ¢/n=c¢. Thus
m>q.

Now we want to show that if ¢ is proper and g does not dominate m, then ¢
is not pure. If g is proper and g does not dominate m, then there is ¢ > 0 such
that, for each § > 0 there is x € {x: g(x) < 8} satisfying m(x) 2 ¢. For v=1,2, -+
we can find x, € {x:q(x) < 1/v} such that m(x,) = ¢. By multiplying x, by a scalar
of absolute value less than or equal to one, we can assume that ¢ < m(x,) £ 2¢
for v=1,2,--. If x,= XJ_,a, ,a, this implies |oz‘,‘,,| <2 for all v=1,2,-.
and all p=1,2,---,n. We then have n bounded sequences of real numbers and
we can choose a subsequence v, (p=1,2,:--) such that they all converge:
lim, ..« ,=p, (u=1,2,--,n). Let xo= X} p,a,. Then we see that
m(x, — xo)—0 since m(x, — Xo)=max, ., . . l o, — B,,I — 0. The fact that
m(xo)  m(x, ) — m(x, — xo) Z & — m(x, — X,) for all p=1,2,.-- shows that
m(xg)=e>0.

Since q is proper we know from the first part of the proof that m >q. There-
fore m(x,, — xo)— 0 implies that g(x, —xo) »0. But then gq(xo) < q(x,,)
+ q(xo — x,,) for all p=1,2,---. Since both of the last terms tend to zero, we
see that g(x,) = 0 which shows that g is not pure.

THEOREM 8.2. If S is a linear space such that every pure and proper quasi-
norm on S dominates every proper quasi-norm on S, then S is finite-dimensional.

Proof. In light of Theorem 8.1 we need only show that if S is infinite-
dimensional there is a pure proper quasi-norm on S which does not dominate
every proper quasi-norm. Let a,(x€ 4) be a Hamel basis for S. Define quasi-
norms g and p by q( za eAvaaa) = max, eAlﬂa' and P( za eABaaa) = Ea edlﬂal .
Then q is proper and pure but g does not dominate p. To see this choose ¢ =1
and for any 6 > 0 choose n such that n(6/2) > 1. Then, let X, ,v,a, be such
that v, = §/2 for n different values of a and such that v, = 0 for all other a€ 4.
Thenwe have q( X, . (v.a,) = 6/2 <6 bu p( X, .4 v.a,) = n(8/2) > 1. Hence, ¢
does not dominate p.

Anideal I is said to be pure if x # 0 implies that there is g € I such that g(x) # 0.

THEOREM 8.3. If S is finite-dimensional and I is pure, then I contains a
quasi-norm q, which is pure.

Proof. If S is one-dimensional and I is pure, then x # 0 implies there is
qo €I such that gq(x)#0. But then (1/v)gq(x) < q4((1/v)x) shows that gq(ax) # 0
for all #0.

To complete the induction argument we assume the result holds when S is
of dimension less than or equal to n. If S is (n + 1)-dimensional, choose 0 # g, €1
and let R = {x:q,(x) = 0}. Since q, # 0 (dimension R) < n and the fact that I'®




22 RICHARD METZLER AND HIDEGORO NAKANO [May

is pure on R shows that there is peI‘®such that p is pure on R by the induction
hypothesis. By definition of I® there is g, eI such that g5 >p which implies
qFis pure on R. Now let gy =(q, +¢,)€l. For any 0 # ze S we have either
z€ R which implies

40(2) = 42(2) = q3(2) # 0
or ze R which gives

go(z) 2 4,(2) # 0.
Therefore ¢, is pure.

THEOREM 8.4. A linear space S is finite-dimensional if and only if there is
exactly one pure, proper ideal on the space.

Proof. If S is finite-dimensional and I is a pure, proper ideal on S then, by
the previous theorem I contains a pure, proper quasi-norm g . By Theorem 8.1,
if p is any proper quasi-norm on S we have g >p. Thus {q} is a basis for I and
I is uniquely defined as the strongest proper ideal on S.

If S is not finite-dimensional, then by Theorem 8.2 there is a pure, proper
quasi-norm g and a proper quasi-norm p such that p € {g}. But then pe {p + ¢}
and we see that {q}:‘ # {p + ¢} even though both are pure, proper ideals.

THEOREM 8.5. On a finite-dimensional space the unique pure, proper ideal
has a basis {q} where q is a quasi-norm of character 1.

Proof. Lect a, (v=1,2,---,n) be a basis for the space S and definc ¢ by:
q(x)=4q ( z avav) = max |a,|.
v=1 :

Then q is clearly a pure, proper quasi-norm and therefore {q}:‘ is the unique,
pure, proper ideal on S. Since q(3x) =max,_, , _.|3%,| = 3q(x) we see that q
is of character 1.

Now let S be a linear space and let S; (1€ A) be a system of finite-dimensional
submanifolds of S such that S;T;.AS.

THEOREM 8.6. IfI, andI, are pure, proper ideals on S then I = I$°? for all
AeA.

Proof. This follows from the previous theorem since I3 and I are
pure, proper ideals.

THEOREM 8.7. There is a unique, pure, proper ideal which is compatible
to S;T:eaS. We denote this ideal by I,.

Proof. If I, and I, are pure, proper and compatible to S;7;.4S then
I, =lim, .\ I*=lim, ., I5* =I,. This shows that any such ideal will be unique.
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But there does exist such an ideal since, if I, is the unique, pure, proper ideal
on S, it is clear that lim, ., I, is pure and proper and compatible with S; T, .S .

THEOREM 8.8. For any pure, proper ideal I on S the compatible hull fof 1
equals I,.

Proof. We know I =lim,  ,I%=1lim, ,I, =I,. (I, being the unique, pure,
proper ideal on S;.)

Thus, we see that I, is the strongest pure, proper ideal. Since we can always
find a system of finite-dimensional submanifolds S, (1€ A) such that S;T, A S
we see that every linear space S has a strongest pure, proper ideal I,. Let I, be
the ideal of all proper quasi-norms on S. Then, since I, oI, we see that I, is
pure and therefore I, =1,,.

9. Monotone quasi-norms. In the rest of the paper we will always assume
that S is a linear lattice. We will make use of the notation B, = {y e S: | y| =< lx I}
for xeS.

A quasi-norm g on S is said to be semimonotone if B, >>q for all xe S.

THEOREM 9.1. If g is semimonotone, then q is proper.

Proof. xe B, implies 0 <lim,_¢q(ax) <1lim,,,9(aB,) =0.
A quasi-norm g on S is said to be monotone if | x| < |y| implies q(x) < q(y).

THEOREM 9.2. Let q be a quasi-norm on S. If we define a quasi-norm §
by G(x) = q(B,), we obtain a monotone quasi-norm. q is proper if and only if
q is semimonotone.

Proof. Clearly §(0)=0 and 0 < g(x) for all xeS. If |a| <|b], then
q(ax) = q(Bax) é Q(Bbx) = ti(bx).

To prove the triangle inequality, we need the following lemma:

LEMMA. |z|§|x| +|y| if and only if we can find z, and z, such that
z =2z, + z, while |zl‘§|x| and |22|§|y|.

Proof. |z|<|x|+|y| implies 0<|z|=z*+2z- <|x|+|y| and hence
0§z+§|x|+|y'. We can then write z©" =a + b where 0§a§|x| and
0<b<|y|. Similarly z-=c+d where 0<c<|x| and 0<d <|p|. Then
z=z' -z =(@+b)—(c+d)=(a—c)+(b—d) where —|x|<a—c<|x|
and —|y| < b—d<]|y|. Thus, [a—c|<|x| and [b—d|<|y| and the
lemma is established.

G(x+ ) = q(Bu+y) = sup q(z) =  sup  4¢(2)

lz| S |x+y] lz| S ix|+1y]

= sup q(z, +z,) = sup {a(z) + a(z2)} = G(x)+4()

LV EIHEZ TR b lzels1x]; 122121yl
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Thus, we see that § is a quasi-norm. It is clear that § is monotone since if
|x|<|y| then B, < B, implies §(x)=q(B,) < q(B,) = d(y). It also follows
easily that ¢ is proper if and only if g is semimonotone.

THEOREM 9.3. If q,,q are quasi-norms such that q, is monotone and
q<4y, then §<q,.

Proof. For any &> 0 there is 6 >0 such that ¢,(x) <J implies ¢g(x) <e.
If g,(x) <é and |y| =< |x| then q,(y) < q,(x) <6 implies q(y) < ¢. Therefore
q(x) = q(B,) = sup),;<1x19(») S &.

THEOREM 9.4. For a quasi-norm ¢q on S we have §<q if and only if for
any e > 0 there is 6 > 0 such that q(x) < implies q(B,) <.

Proof. This is clear by definition of 4.
A quasi-norm q is called sequentially continuous if order-lim,_, , x, = 0 implies
lim,,, q(x,) =0.

THEOREM 9.5. If q,q, are quasi-norms such that q, is sequentially con-
tinuous and q <q,, then q is sequentially continuous.

Proof. Suppose order-lim,,,x,=0. For ¢>0 there is J >0 such that
q,(x) < 6 implies g(x) < ¢. For this § there is v, such that q,(x) < é for v=v,.
But then g(x,) <¢ for v=v, and therefore lim,_, . q(x,) = 0.

THEOREM 9.6. If q is a sequentially continuous quasi-norm and S is Archi-
medean, then q is semimonotone.

Proof. Suppose g is not semimonotone. Then there is x€ S and & > 0 such
that q((1/v)B,) =z ¢ for all v=1,2,---. Therefore, there is a sequence x,€ B,
(v=1,2,---) such that q((1/v)x,) > ¢/2 for all v=1,2,.--. But x, e B, implies
that | x,| < |x|. Hence |(1/v)x,] < |(1/v)x|. This means order-lim, ., ,(1/v)x, =0
since S is Archimedean. Therefore, we have lim,_,, g((1/v)x,) = 0 which contra-
dicts q((1/v)x,) >¢/2 for all v=1,2,---.

Since semimonotone implies proper, we see that every sequentially continuous
quasi-norm on an Archimedean space is proper.

A quasi-norm g is semicontinuous if |x,1|Tl eAI x | implies that
q(x) =sup; caq(x). If we let A={1,2} and consider |x1| =< |x2 , then
q(x2) = sup;c (1,23 9(xz) = q(x,). Therefore, if a quasi-norm is semicontinuous, it
is monotone.

A quasi-norm g is monotone continuous if it is monotone and |x,| |40
implies inf, ., g(x;) =0.

THEOREM 9.7. If q is monotone continuous, then it is semicontinuous.

Proof. Suppose |x;|1;ca|x|. Then
%[ = =] = {lx]=]=]] { o
eA
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Since g is monotone continuous inf, ., q(|x| — |x;]) =0. But

0= q(|x]) = g(|x:]) = a(x) = q(x))

since g is monotone. Also, for any quasi-norm it is true that

la) — 4(2)] = a(y - 2).
Therefore 0 < inf; (5 {g(x) — q(x)} < infyaq(| x| — | x,[) = 0. Hence
0 =inf; o {g(x) — g(x,)} = q(x) — sup; A q(x;).

THEOREM 9.8. If a quasi-norm q is monotone continuous, then it is sequen-
tially continuous.

Proof. If order-lim,.,, x,=0, then, by definition, there is a sequence
I, v=1,2,--) such that |x,| <!, l=1,2,,0. But then we have 0 < q(x,)
<q(l,) l(v=l,2,...)0' Hence, lim,,, q(x,) = 0.

We obtain a generalization of a theorem proved in [4].

THEOREM 9.9. If S is a sequentially continuous linear lattice and if there
exists a monotone, sequentially continuous pure quasi-norm defined on S,
then S is super-universally continuous. (A linear lattice S is super-universally
continuous if, for every family x,e€S (A€ A) satisfying

(1) x, =0 for all AeA,

(2) A, A2€A then there is Ay€ A such that x, A Xx;, ZX,,, there exists a
sequence x; €S (v=1,2,--) such that )\, 5x, exists and equals N3_-,x;..)

Proof. Let x; (A€ A) be such a family of positive clements. Let

A = inf : sup q(x,l—x,,)}.

reA U {Bixs2xp

To prove A =0 we suppose there is ¢ > 0 such that 4 > ¢ and derive a contra-
diction. If A > ¢ there is a sequence by = b, 2 - 2 b, 2 - with b,e{x,:AeA}
for v=1,2,--- such that q(b, — b,,,) > ¢ for v=1,2,-..

Now let b, = A%, b, which exists since S is sequentially continuous. Since q is
monotone b,— b, < b, — b, implies ¢(b, — b, ) < q(b, — by). Therefore
q(b, — bg) > ¢ for v=1,2,---.

But this contradicts the fact that g is sequentially continuous since
b, = bolw=1,2,.,0 but g(b, — by) > ¢ for v=1,2,---.

Thus, we must have 4 =0. This allows us to select a sequence of elements
X1sX5 ,+ with x,e{x,:Ae A} for v=1,2,..- such that

1
su X, —xg) < — (v=1,2,--2).
{ﬂ==;g:rﬂ} “« » 2v( )

Since {x,: AeA} is a decreasing system, there exists a sequence
Xy 2ZXy2 e 2x, =+ with x,e{x;: AeA} for all v=1,2,--- such that
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xyzx, (v=12,--). (To get such a sequence we need only let x, = x| and
choose x,.{ <X, Ax; A-- AX, Ax,4,.Then since q is monotone we have:
, 1
W sup  4(x,—x) S sup q(xi—Xp) < 3
{B:ixv2xg} B:xy2Zxp

Now let xo = A% X,. Sincc ¢ is sequentially continuous g(x,—xg) < (1/2%)
(v=12-).

Given any Ae A we have:

@ q((x, A x3) = (xo A X3)) < q(x, = Xo) S 2_!' )

Since {x;:4€ A} is a decreasing system, there is f€ A such that x, A x; = x;.

Then, according to (1)

1
q(xv - (xv A x}.)) é q(xv - xﬁ) < 2'—y .

Hence (2) gives us

4, = (o A X)) S (%, = (5, A )+ 4 (5 A x) = (50 A ) S gy

Therefore, since g is sequentially continuous g(xq — (xo A x;)) = 0. But then
the fact that g is pure implies that x, = x4 A x, or x, < x;. Since A was arbitrary
we have x, < x, for all e A which gives, us since

xo= A x,(x,e{x;:AeA}for all v=1,2,-:), xo= A x;.
v=1 AeA

10. Monotone ideals. An ideal I is said to be semimonotone if B, >I for all
a€S. The following result follows easily from this definition.

THeOREM 10.1. I is semimonotone if and only if every quasi-norm in I is
semimonotone.

An ideal I is said to be monotone if I has a basis consisting of monotone quasi-
norms.

THeOREM 10.2. If I is monotone and proper, then it is semimonotone.

Proof. Let g €l. Then there exists g, €I such that g, is monotone and g <q, .
Then, for aeS, B, is bounded by g, since q,(B,) = q,(a) and q, is proper.
B, >q, >q shows that B, >q.

For any manifold 4 c S we let B, = |, 4B, = {x:|x| <|a| for some
ae A}.
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THEOREM 10.3. An ideal I on a linear lattice S is monotone if and
only if for each q,e€l and 6,>0 there is q,el and 6,>0 such that
Bis.qux)<82} © {x:q9,(x) <d,}. (In the case when I is proper this is equivalent
to the requirement that, in the corresponding linear topology, there is a basis 8
of neighborhoods of zero such that Ve QB implies B, = V.)

Proof. If I is monotone, consider any q, €l. Then, by assumption, therc
is a monotone ¢, €I such that g, <gq,. For any §, > 0 there is a §, > 0 such
that g,(x) < J, implies q,(x) < d,. Let A = {x:g,(x) < J,}. Then B, = 4 since,
if xeAd and |y| = lxl, then ¢,(y) £ q,(x) £6,. Hence

Bix.g,xy<62) = {x:q,(x) < 0,} < {x:q,(x) <é,}.

For the converse we assume the condition is satisfied and show that I is mono-
tone. For gel let § be defined as before by ¢(x) = q(B,). In Theorem 8.2 it
was shown that 4§ is a monotone quasi-norm. It is clear that §(x) = ¢(x) for all
xelS. If we can show that gel for all gel, then {§:qel} will be a basis of
monotone quasi-norms.

For gel and ¢,=1/n there is a g,€l. and 6, > 0 such that g,(x) <9, and
|y| <|x| imply q(») < 1/n.

Therefore q,(x) < 6, implies §(x) = q(B,) < 1/n. Since I is an ideal, therc is
pel such that p >gq, for all n =1,2,---. Then, for any ¢ > 0, there is a positive
integer ny such that 1/n, <e. We know g, (x) <9,, implies §(x) £ 1/ny. For
this J,, there is § > 0 such that p(x) < 6 implies g,,(x) < ,,. Therefore p(x) <o
implies §(x) <e. Hence §<pel and this implies gel.

If g, and g, are quasi-norms such that g; <gq,, then 4, <¢,. This follows
by Theorem 8.3 since ¢, >q, >¢q, and ¢, is monotone. Given an ideal I con-
sider {g:qel}. This system of quasi-norms satisfies the basis condition since,
if g, (v=1,2,---) is a sequence from {g:qel}, then there is a g€l such that
q>q, v=1,2,--) which implies § >4, (v=1,2,---). The ideal I which has
{G:qel} for a basis is called the monotone hull of I.

no

_ THEOREM 10.4. If I is an ide¢_zl contained in a monotone ideal 1,, then
I <1,. (It follows from this that I = Ajpci, monotonels+)

Proof. If gel, then there exists a monotone g, €I such that ¢ <¢,. Thus,
we have § < g, which implies gelI,. Therefore I <1, .

For any ae S, B, is of character 1. Obviously B, is star and symmetric and,
for x,yeB,, A+ u=<1, A,u=0, we have

|4x + uy| = [2x] +|wy| = [2+ ] ]a] = ]a].

If I is any semimonotone ideal, we know that B, I for all ae S. In other
words, B, >q for all ae S and gel. But if gp_is the quasi-norm associated
with the finite character set B,, Theorem 2.10 shows that g5 > g for all gel
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and all aeS. In other words, g, €I® for all aeS. Now let F={q:q >4,
for some aeS}. Then we see that F = I¥ implies F35I% 51 for any semi-
monotone ideal I. If ge F3, then ¢ < qp, for all aeS which implies B, >¢
for all a€ S and this means g is semimonotone. Therefore F3is semimonotone
itself and it is clearly the strongest semimonotone ideal. Since B, is of finite char-
acter for every a e S we see that I, ~ I, and I, semimonotone implies I, is semi-
monotone. Then we conclude that I ~ F3 implies that I is semimonotone which
means I = F3, Thus, F3 is equivalently strongest (i.e. F3 = \/;.p3I). Also
F3 is clearly reflexive.

THEOREM 10.5. If I is a semimonotone ideal, then the equivalent hull of 1
and the reflexive extension of I are also semimonotone.

Proof. IfI, ~I, then I, is semimonotone which implies I, = F3. Therefore
\/ 1,~11; = F3 which shows that the equivalent hull is semimonotone. Similarly
I = F3 gives I33 < F333 = F3 and this shows that I3 is semimonotone.

An ideal I is said to be sequentially continuous if I contains a basis consisting
of sequentially continuous quasi-norms. Theorem 9.5 then shows that in a se-
quentially continuous ideal every quasi-norm is sequentially continuous.

THEOREM 10.6. If I is sequentially continuous and S is Archimedean, then
I is semimonotone.

Proof. This follows easily from Theorem 9.6.

We say that an ideal is semicontinuous if it contains a basis consisting of semi-
continuous quasi-norms.

Using the terminology in [5] we have:

THEOREM 10.7. If q is a semicontinuous quasi-norm on a universally con-
tinuous linear lattice S, there is a unique normal manifold N = S such that q
is pure in N and q(x) = 0 for all xe N*.

Proof. Let M = {x:q(x) = 0}. Then it is easily seen that M is a linear mani-
fold. Since g is monotone, |x|<|y| and yeM implies xe M. Therefore M
is a seminormal manifold. If x;1,.4x and x;eM for all AeA, then
q(x) =sup; .oq(x;) =0 by assumption and xe M. Hence, by a theorem in
linear lattices M is normal. Clearly g(x) = 0 for all xe M. Also q(x) = 0 implies
that xe M which means [M*]x = 0. Therefore g is pure in M*. To show that
M is unique, we suppose g is pure in a normal manifold P and g(x) = 0 for all
xeP*. Then clearly P* =M.

THeEOREM 10.8. Given any system of semicontinuous quasi-norms q, (A€ A)
on a universally continuous linear lattice S there is a unique normal manifold
N < S such that q; (A€ A) satisfies q;(x) =0 for all A€ A if and only if xe N.
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Proof. Let N; = {x:q,(x) =0} and let N = ﬂ 21eaN;. Then N is the inter-
section of normal manifolds and is therefore normal itself. If x#0 and xe N*,
then by definition of N there is 1€ A such that g,(x) # 0.

THEOREM 10.9. Let S be a sequentially continuous linear lattice. Suppose
there is a pure, proper, semicontinuous quasi-norm q defined on S. Then, for
all aeS, B, is complete by the uniformity induced by {q}3.

Proof. Let B,2x; (6 € A) be a Cauchy system. Then, by Theorem 5.3, for every
positive integer v there is 6,€ A such that g(x;, — x;,) < 1/2” for all 6,,0, < 9,.
Since A is a directed system we can define by induction a sequence , e A(v = 1,2,-++)
such that d,<4,,0,,,. For ease of notation, we write a,=x;, (v=1,2,-).
Now consider

(-3 a g 1
Q(E|av+l—'avl)§ Z q@ay4,—a)s X 2
V=R v=p v=p

a

a a

V ay—a, = V (av_ap)é p> lav+1_avl'

yEp v=Ep v=a

0

A

This last follows since, for u < v < o, we have

a,—a,s|a,—a,|=|a,—a,_ +a,_,—a,_ 3+ +a,,—a,
a
§ 2 Iav.H—aVI.
v=u
Then, since g is monotone,

‘1(\/ av—ap)§ Q(z lav+1_av|)§ z %é
vEa v=p v=p

2n-1"

Therefore, since S is sequentially continuous, ]x,,l < |a| (0eA) and q is semi-
continuous;

o ag 1
q(V a,-—a“)= sup q(v\éya,—a,,)§2”_l.

v=a e=p,pu+1,...

Similarly we find g(a, — A %,a,) <1247

Thus g(\/y=,a, — Avi,e) S 12472

Now let I, = \/)X,a,— AJ-,a, and set 1= A, l,.

Then 0 = I < 1, implies q(I) < q(1,) = 1/2#72, Since this is true for all p = 1,2, -+
we see that g(]) = 0 which means, since g is pure, that ] = 0. Therefore there is
ap€ S such that order-lim,,,a,=a,.

Given any &> 0 since \/;-,a,2ao= A)-,a, we have:
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which implies g(ao — a,) < 1/2*~2. Now choose i, such that 5/2*° < ¢. Then, for
0 < 0,, we have
q(ao—x;) = q(ao—x;, )+ (x5, —x5)
= q(ao — a,,) + q(x;, — x) S 1272 + 12" =52 <.
Therefore x5—;5.400.
As a generalization of Theorem 3.4 in [6], we have:

THEOREM 10.10. Let S be a universally continuous linear lattice. Let I be
a proper semicontinuous ideal defined on S. Then, for any a€ S, B, is complete
by U3.

Proof. Suppose x; (6 € A) is a Cauchy system in B,. Let L be a basis for 1
composed of semicontinuous quasi-norms and choose g € L. Then, by Theorem
9.6, therc is a unique normal manifold N, of S such that gMvis pure in N, and
q(x) =0 for all xe N;. Then g"* is a semicontinuous, pure quasi-norm on N,.

a(IN1 (x5, = X5,.)) = (| [N, 1 (x5, — X5,)|) £ (| x5, — %5, ])
= Q(xa, - xoz) 35,62 ea0.

This shows that [N, ]x; (6€A) is a Cauchy system in N, by the uniformity
induced by ¢™2. Thus, by the previous theorem there is an x,€ N, such that

[Nq]xé—) éequ'
Now let q,,9,€ L.

[qu] [Ntn]x!n = [Nq|] [qu] ‘l;“:'i [qu]xﬁ
= [N, Jlim [N, 1[N, ]x;
[N, ][N, ]lim [N,]x,

= [Nlh] xqz = [qu] [Nllz] xqz *

Since S is universally continuous and since |x,| < a for all ge L we see
that x; = \/, .. x, and x, = \/, . x; both exist.

(NI = DN V. xi=IN] VNS = VNN

= VL[NP] [N]x; = [N,]x,'=x .
qe

Similarly [N,]Jx,=x, and therefore, if x, = x, — x, we have [N,]x,
= x;' —X, =X,.
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Then x; — ;. X, since, for any >0, and for any g € L there is J, € A such that

q([N,Ix; — xp) = q([N,] (x5 — x0)) < & for & < J,.

But x; — xo =[N,](x — xo) + [N;] (x; — x,) and therefore
q(xs — x0) = ([N ] (x5 = x0)) + ([N J(xs — X)) S e+ 0=¢

for all 6 £4,.
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